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AN ADAPTIVE FINITE ELEMENT DTN METHOD FOR THE ELASTIC
WAVE SCATTERING BY BIPERIODIC STRUCTURES
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Abstract. Consider the scattering of a time-harmonic elastic plane wave by a bi-periodic rigid sur-
face. The displacement of elastic wave motion is modeled by the three-dimensional Navier equation
in an open domain above the surface. Based on the Dirichlet-to-Neumann (DtN) operator, which is
given as an infinite series, an exact transparent boundary condition is introduced and the scatter-
ing problem is formulated equivalently into a boundary value problem in a bounded domain. An a
posteriori error estimate based adaptive finite element DtN method is proposed to solve the discrete
variational problem where the DtN operator is truncated into a finite number of terms. The a poste-
riori error estimate takes account of the finite element approximation error and the truncation error
of the DtN operator which is shown to decay exponentially with respect to the truncation parameter.
Numerical experiments are presented to illustrate the effectiveness of the proposed method.
1. Introduction
This paper concerns the scattering of a time-harmonic elastic plane wave by a bi-periodic surface
in three dimensions. Due to the wide and significant applications in seismology and geophysics, the
elastic wave scattering problems have received ever increasing attention in both mathematical and
engineering communities [1,2,28]. Compared with the acoustic and electromagnetic wave scattering
problems, the elastic wave scattering problems are less studied due to the fact that the elastic wave
consists of coupled compressional and shear wave components with different wavenumbers, which
makes the analysis of the problems more complicated. In addition, there are two challenges for the
elastic surface scattering problem: the solution may have singularity due to a possible non-smooth
surface; the problem is imposed in an open domain. In this paper, we intend to address both of
these two issues by proposing an a posteriori error estimate based adaptive finite element method
with the transparent boundary condition.
The a posteriori error estimates are computable quantities from numerical solutions. They can be
used to measure the solution errors of discrete problems without requiring any a priori information
of exact solutions [4,31]. Since the a posteriori error estimate based adaptive finite element method
has the ability to control the error and to asymptotically optimize the approximation, it is crucial for
mesh modification such as refinement and coarsening [17,34]. The method has become an important
numerical tool for solving boundary value problems of partial differential equations, especially for
those where the solutions have singularity or multiscale phenomena.
The key of overcoming the second issue is to reformulate the open domain problem into a bound-
ary value problem in a bounded domain without generating artificial wave reflection. One possible
approach is to make use of the perfectly matched layer (PML) techniques. The basic idea of the
PML is to surround the domain of interest by a layer of finite thickness of fictitious medium that may
attenuate the waves propagating from inside of the computational domain. When the waves reach
the outer boundary of the PML region, their amplitudes are so small that the homogeneous Dirichlet
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boundary condition can be imposed. Due to the effectiveness and simplicity, since Be´renger pro-
posed the technique to solve the time domain Maxwell equations [7], it has undergone a tremendous
development of designing various PML methods to solving a wide range of open domain scatter-
ing problems [6, 8–10, 15, 16, 19, 20, 27]. Combined with adaptive finite element methods, the PML
method has been investigated to solve the two- and three-dimensional obstacle scattering prob-
lems [11, 12, 14] and the two- and three-dimensional diffraction grating problems [5, 13, 22]. The
a posteriori error estimates based adaptive finite element PML methods take account of the finite
element discretization errors and the PML truncation errors which decay exponentially with respect
to the PML parameters.
Alternatively, another effective approach to truncate the open domain is to construct the Dirichlet-
to-Neumann (DtN) map and introduce the transparent boundary condition to enclose the domain
of interest. Since the DtN operator is exact, the transparent boundary condition can be imposed on
the boundary which is chosen as close as possible to the scattering structure. Compared to the PML
method, the DtN method can reduce the size of the computational domain. As a viable alternative
to the PML method, the adaptive finite element DtN methods have also been developed recently to
solve many two- and three-dimensional scattering problems, such as the acoustic scattering problems
[23, 25, 35], the three-dimensional electromagnetic scattering problem [26], and the two-dimensional
elastic wave scattering problems [29,30].
This paper concerns the numerical solution of the elastic wave scattering by biperiodic structures
in three dimensions. It is a non-trivial extension of the elastic wave scattering by periodic structures
in two dimensions [29]. There are two challenges for the three-dimensional problem. First, the
Helmholtz decomposition of the elastic wave equation gives two two-dimensional Helmholtz equations
in the two-dimensional case; however, for the Helmholtz decomposition in the three-dimensional
case, we have to consider a three-dimensional Helmholtz equation and a three-dimensional Maxwell
equation, which makes the analysis much more complicated. Second, from the computational point
of view, it is much more time-consuming to solve the three-dimensional problem than to solve the
two-dimensional problem.
Specifically, we consider the scattering of a time-harmonic plane elastic wave by a biperiodic rigid
surface. The elastic wave propagation is modeled by the three-dimensional Navier equation in the
open domain above the scattering surface. By the Helmholtz decomposition, a DtN operator is
constructed in terms of Fourier series expansions for the compressional and shear wave components,
then an exact transparent boundary condition is introduced to reduce the open domain problem
into an equivalent boundary value problem in a bounded domain. The nonlocal DtN operator needs
to be truncated into a sum of finitely many terms in actual computation. However, it is known that
the convergence of the truncated DtN operator could be arbitrary slow to the original DtN operator
in the operator norm [21]. By carefully examining the properties of the exact solution, we observe
that the truncated DtN operator converges exponentially to the original DtN operator when acting
on the solution of the elastic wave equation, which enables the analysis of exponential convergence
for this work. Combined with the truncated DtN operator and finite element method, the discrete
problem is studied. We develop a new duality argument to deduce the a posteriori error estimate.
The a posteriori error estimate takes account of the finite element approximation error and the
DtN operator truncation error which is shown to decay exponentially with respect to the truncation
parameter N . Moreover, an a posteriori error estimate based adaptive finite element algorithm is
presented to solve the discrete problem, where the estimate is used to design the algorithm to choose
elements for refinements and to determine the truncation parameter N . Due to the exponential
convergence of the truncated DtN operator, the choice of the truncation parameter N turns out not
to be sensitive to the given tolerance of accuracy. Numerical examples are presented to demonstrate
the effectiveness of the proposed method.
The paper is organized as follows. In Section 2, the model equation is introduced for the scattering
problem. Section 3 concerns the variational problem. By the Helmholtz decomposition, the DtN
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Figure 1. Problem geometry of the elastic scattering by a biperiodic surface.
operator is constructed and the transparent boundary condition is introduced to reformulate the
scattering problem into a boundary value problem in a bounded domain, and the corresponding
weak formulation is presented. In Section 4, the discrete problem is studied by using the finite
element method with the truncated DtN operator. Section 5 is devoted to the a posteriori error
analysis for the discrete problem and the exponential convergence is proved for the truncated DtN
operator. In Section 6, an adaptive finite element algorithm is described and numerical experiments
are carried out to illustrate the competitive behavior of the proposed method. The paper is concluded
with some general remarks and directions for future work in Section 7.
2. Problem formulation
Consider the scattering of a time-harmonic plane elastic wave by a rigid biperiodic surface. Due
to the biperiodic structure, the scattering problem can be restricted into a single biperiodic cell, as
shown in Figure 1. Let
S “ tx “ px1, x2, x3qJ P R3 : px1, x2q P p0,Λ1q ˆ p0,Λ2q, x3 “ fpx1, x2qu
be the scattering surface, where f is a Lipschitz continuous biperiodic function with periods Λ1 and
Λ2 in the x1 and x2 directions, respectively. Denote the open space above S by
Ωf “ tx P R3 : px1, x2q P p0,Λ1q ˆ p0,Λ2q, x3 ą fpx1, x2qu,
which is assumed to be filled with an isotropic and homogeneous elastic medium. The medium may
be characterized by the Lame´ parameters λ, µ and the mass density ρ which is assumed to be unit
for simplicity. Furthermore, we assume that the Lame´ constants satisfy µ ą 0, λ` µ ą 0. Define
Γh “ tx P R3 : px1, x2q P p0,Λ1q ˆ p0,Λ2q, x3 “ hu,
where h is a constant satisfying h ą maxpx1,x2qPp0,Λ1qˆp0,Λ2q fpx1, x2q. Denote by Ω the bounded
domain enclosed by S and Γh, i.e.,
Ω “ tx P R3 : px1, x2q P p0,Λ1q ˆ p0,Λ2q, fpx1, x2q ă x3 ă hu.
Let a compressional plane wave
uincpxq “ qeiκ1q¨x
be sent from the above to impinge the surface, where q “ psin θ1 cos θ2, sin θ1 sin θ2,´ cos θ1qJ,
θ1 P r0, pi{2q and θ2 P r0, 2pis are the incident angles, and κ1 “ ω{?λ` 2µ is the compressional
wavenumber with ω being the angular frequency. We mention that the results are the same for the
incidence of a shear plane wave uincpxq “ peiκ2q¨x, where p is a unit vector satisfying p ¨ q “ 0 and
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κ2 “ ω{?µ is the shear wavenumber, or a linear combination of the shear and compressional plane
waves.
Denote the displacement of the scattered wave by u, which satisfies the elastic wave equation
µ∆u` pλ` µq∇∇ ¨ u` ω2u “ 0 in Ωf . (2.1)
Since the surface is assumed to be elastically rigid, we have
u “ ´uinc on S. (2.2)
In addition, the scattered wave u is assumed to satisfy the bounded outgoing wave condition as
x3 Ñ 8. Motivated by uniqueness, we seek the so-called quasi-periodic solutions of (2.1)–(2.2),
i.e., upxqe´iα¨r is a biperiodic function of r “ px1, x2qJ with periods Λ1 and Λ2 in the x1 and x2
directions, respectively, where α “ pα1, α2qJ, α1 “ κ1 sin θ1 cos θ2, α2 “ κ1 sin θ1 sin θ2.
Define a quasi-periodic function space
H1qppΩq “ tu P H1pΩq : eiα1Λ1up0, x2, x3q “ upΛ1, x2, x3q,
eiα2Λ2upx1, 0, x3q “ upx1,Λ2, x3qu
and its subspace
H1S,qppΩq “ tu P H1qppΩq : u “ 0 on Su.
Let
L2qppΓhq “ tu P L2pΓhq : eiα1Λ1up0, x2, hq “ upΛ1, x2, hq,
eiα2Λ2upx1, 0, hq “ upx1,Λ2, hqu.
For any u P L2qppΓhq, it has the Fourier series expansion
upr, hq “
ÿ
nPZ2
unphqeiαn¨r, unphq “ 1
Λ1Λ2
ż Λ1
0
ż Λ2
0
upr, hqe´iαn¨rdr,
where n “ pn1, n2qJ P Z2, αn “ pα1n, α2nqJ, αjn “ αj ` 2pinj{Λj , j “ 1, 2.
Define a trace function space HspΓhq, s P R` by
HspΓhq “
 
u P L2pΓhq : }u}HspΓhq ă 8
(
,
where the norm is given by
}u}2HspΓhq “ Λ1Λ2
ÿ
nPZ2
`
1` |αn|2
˘s |unphq|2 .
It is clear that the dual space of HspΓhq is H´spΓhq with respect to the scalar product in L2pΓhq
given by
xu, vyΓh “
ż
Γh
uv¯ds.
Let H1qppΩq,H1S,qppΩq and HspΓhq be the Cartesian product spaces equipped with the corre-
sponding 2-norms of H1qppΩq, H1S,qppΩq and HspΓhq, respectively. Throughout the paper, the nota-
tion a À b stands for a ď Cb, where C is a positive constant whose value is not required but should
be clear from the context.
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3. The boundary value problem
In this section, we introduce the DtN operator to reduce the problem (2.1)–(2.2) into a boundary
value problem in the bounded domain Ω and present the well-posedness of its variational formulation.
Consider the Helmholtz decomposition
u “ ∇φ`∇ˆψ, ∇ ¨ψ “ 0 in Ω, (3.1)
where φ is a scalar potential function and ψ “ pψ1, ψ2, ψ3q is a vector potential function. Substituting
(3.1) into the elastic wave equation (2.1), we may verify that φ and ψ satisfy the following Helmholtz
equation and the Maxwell equation, respectively:
∆φ` κ21φ “ 0, ∇ˆ p∇ˆψq ´ κ22ψ “ 0. (3.2)
It is also easy to verify from the Helmholtz decomposition (3.1) and the boundary condition (2.2)
that φ and ψ satisfy the following coupled boundary conditions on S:
Bνφ` p∇ˆψq ¨ ν “ ´uinc ¨ ν, p∇ˆψq ˆ ν `∇φˆ ν “ ´uinc ˆ ν, (3.3)
where ν is the unit normal vector on S.
The potential functions φ and ψ are required to be quasi-periodic in x1 and x2 directions with
periods Λ1 and Λ2. Hence they have the Fourier series expansions
φpxq “
ÿ
nPZ2
φnpx3qeiαn¨r, ψpxq “
ÿ
nPZ2
ψnpx3qeiαn¨r. (3.4)
Plugging (3.4) into (3.2) and using the bounded outgoing wave condition, we have from a straight-
forward calculation that φ and ψ admit the following expansions:
φpxq “
ÿ
nPZ2
φnphqeipαn¨r`β1npx3´hqq, ψpxq “
ÿ
nPZ2
ψnphqeipαn¨r`β2npx3´hqq, x3 ą h, (3.5)
where
βjn “
#`
κ2j ´ |αn|2
˘1{2
if |αn| ă κj ,
i
`|αn|2 ´ κ2j˘1{2 if |αn| ą κj . (3.6)
It follows from (3.4)–(3.5) that
φnpx3q “ φnphqeiβ1npx3´hq, ψjnpx3q “ ψjnphqeiβ2npx3´hq, j “ 1, 2, 3. (3.7)
We observe from (3.5)–(3.6) that βjn is a pure imaginary number and thus φn and ψn are known as
surface wave modes when |αn| ą κj .
Substituting (3.5) into (3.1), we obtain the representation of the scattered field u in terms of the
Fourier coefficients of the potential functions φ and ψ:
upxq “ i
ÿ
nPZ2
$&%
»–α1nα2n
β1n
fiflφnphqeiβ1npx3´hq
`
»–α2nψ3nphq ´ β2nψ2nphqβ2nψ1nphq ´ α1nψ3nphq
α1nψ2nphq ´ α2nψ1nphq
fifl eiβ2npx3´hq
,.- eiαn¨r. (3.8)
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Noting ∇ ¨ψ “ 0, we may represent conversely the coefficients of the potential functions of φ and ψ
by the coefficients of the scattered field u “ pu1, u2, u3qJ:
φnphq “ ´ i
χn
pα1nu1nphq ` α2nu2nphq ` β2nu3nphqq , (3.9)
ψ1nphq “ ´ i
χn
ˆ
1
κ22
α1nα2n pβ1n ´ β2nqu1nphq ´ α2nu3nphq
` 1
κ22
“
α21nβ2n ` α22nβ1n ` β1nβ22n
‰
u2nphq
˙
, (3.10)
ψ2nphq “ ´ i
χn
ˆ
´ 1
κ22
“
α21nβ1n ` α22nβ2n ` β1nβ22n
‰
u1nphq
´ 1
κ22
α1nα2n pβ1n ´ β2nqu2nphq ` α1nu3nphq
˙
, (3.11)
ψ3nphq “ ´ i
κ22
pα2nu1nphq ´ α1nu2nphqq , (3.12)
where χn “ |αn|2 ` β1nβ2n. It is easy to verify that χn ‰ 0 for n P Z2.
Define a differential operator
Du “ µBx3u` pλ` µq p∇ ¨ uq e3 on Γh, (3.13)
where e3 “ p0, 0, 1qJ. Substituting (3.8)–(3.12) into the differential operator D, we may deduce the
DtN operator
Tu “
ÿ
nPZ2
Mnunphqeiαn¨r, (3.14)
where the matrix Mn is defined as
Mn “ iµ
χn
»—–α21nβ
pnq
12 ` β2nχn α1nα2nβpnq12 α1nβ2nβpnq12
α1nα2nβ
pnq
12 α
2
2nβ
pnq
12 ` β2nχn α2nβ2nβpnq12
´α1nβ2nβpnq12 ´α2nβ2nβpnq12 κ22β2n
fiffifl . (3.15)
Here β
pnq
12 “ β1n ´ β2n. The details can be found in [24] for the derivation.
Based on the DtN operator (3.14), the scattering problem (2.1)–(2.2) can be equivalently reduced
to the following boundary value problem:$’&’%
µ∆u` pλ` µq∇∇ ¨ u` ω2u “ 0 in Ω,
Du “ Tu on Γh,
u “ ´uinc on S.
(3.16)
The variational problem of (3.16) is to find u PH1qppΩq with u “ ´uinc on S such that
apu,vq “ 0 @v PH1S,qppΩq, (3.17)
where the sesquilinear form a : H1qppΩq ˆH1qppΩq Ñ C is
apu,vq “ µ
ż
Ω
∇u : ∇vdx` pλ` µq
ż
Ω
p∇ ¨ uq p∇ ¨ vq dx´ ω2
ż
Ω
u ¨ vdx´
ż
Γh
Tu ¨ vds.
Here A : B “ trpABJq is the Frobenius inner product of two square matrices A and B.
The well-posedness of the variational problem (3.17) was discussed in [18]. It was shown that
the variational problem has a unique weak solution for all but a discrete set of frequencies. Here
we simply assume that the variational problem (3.17) admits a unique solution which satisfies the
estimates
}u}H1pΩq À }uinc}H1{2pSq À }uinc}H1pΩq.
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By the general theory of Babusˇka and Aziz [3], there exists a γ ą 0 such that the following inf-sup
condition holds:
sup
0‰vPH1qppΩq
|apu,vq|
}v}H1pΩq
ě γ}u}H1pΩq @u PH1qppΩq.
4. The finite element approximation
Let Mh be a regular tetrahedral mesh of the domain Ω, where h denotes the maximum diameter of
all the elements in Mh. To handle the quasi-periodic solution, we assume that the mesh is periodic
in both x1 and x2 directions, i.e., the surface meshes on the planes x1 “ 0 and x2 “ 0 coincide
with the surface meshes on the planes x1 “ Λ1 and x2 “ Λ2, respectively. We also assume for
simplicity that S is polygonal to keep from using the isoparametric finite element space and deriving
the approximation error of the boundary S in order to avoid being distracted from the main focus
of the a posteriori error analysis.
Let Vh ĂH1qppΩq be a conforming finite element space, i.e.
Vh “ tv P CqppΩq3 : v|K P PmpKq3 @K PMhu,
where CqppΩq is the set of all continuous functions satisfying the quasi-periodic boundary condition,
m is a positive integer, and Pm denotes the set of all polynomials with degree no more than m.
Since the non-local DtN operator (3.14) is given as an infinite series, in practice, it needs to be
truncated into a sum of finitely many terms
TNu “
ÿ
|n1|,|n2|ďN
Mnunphqeiαn¨r on Γh, (4.1)
where N ą 0 is a sufficiently large integer. Using (4.1), we arrive at the truncated finite element
approximation: find uhN P Vh such that uhN “ ´uinc on S and satisfies the variational problem
aN puhN ,vhq “ 0 @vh P Vh,S , (4.2)
where Vh,S “ tv P Vh : v “ 0 onSu and the sesquilinear form aN : Vh ˆ Vh Ñ C is
aN pu,vq “ µ
ż
Ω
∇u : ∇vdx` pλ` µq
ż
Ω
p∇ ¨ uq p∇ ¨ vqdx´ ω2
ż
Ω
u ¨ vdx´
ż
Γh
TNu ¨ vds.
By [33], the discrete inf-sup condition of the sesquilinear form aN can be established for sufficient
large N and small enough h. Based on the general theory in [3], it can be shown that the discrete
variational problem (4.2) has a unique solution uhN P Vh. The details are omitted for brevity since
our focus is on the a posteriori error estimate.
5. The a posteriori error analysis
For any tetrahedral element K PMh, denote by hK its diameter. Define the operator residual in
K as
RKu “
`
µ∆u` pλ` µq∇∇ ¨ u` ω2u˘|K .
Let Fh be the set of all the faces on Mh. Given any interior face F P Fh, which is the common face
of tetrahedral element K1 and K2, we define the jump residual across F as
JFu “ µ∇u|K1 ¨ ν1 ` pλ` µq p∇ ¨ u|K1q ν1 ` µ∇u|K2 ¨ ν2 ` pλ` µq p∇ ¨ u|K2q ν2,
where νj , j “ 1, 2 is the unit outward normal vector on the face of Kj . For any boundary face
F P Fh X Γh, define the jump residual as
JFu “ 2 pTNu´Duq .
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Denote the four lateral boundary surfaces by
Γ10 “
 
x P R3 : x1 “ 0, 0 ă x2 ă Λ2, fp0, x2q ă x3 ă h
(
,
Γ11 “
 
x P R3 : x1 “ Λ1, 0 ă x2 ă Λ2, fpΛ1, x2q ă x3 ă h
(
,
Γ20 “
 
x P R3 : 0 ă x1 ă Λ1, x2 “ 0, fpx1, 0q ă x3 ă h
(
,
Γ21 “
 
x P R3 : 0 ă x1 ă Λ1, x2 “ Λ2, fpx1,Λ2q ă x3 ă h
(
.
For any boundary face F P Γ10 and the corresponding face F 1 P Γ11, if F P K1 and F 1 P K2, then
the jump residual is defined as
J
p1q
F u “ rµBx1u|K1 ` pλ` µqp∇ ¨ u|K1qe1s ´ e´iα1Λ1 rµBx1u|K2 ` pλ` µqp∇ ¨ u|K2qe1s ,
J
p1q
F 1 u “ eiα1Λ1 rµBx1u|K1 ` pλ` µqp∇ ¨ u|K1qe1s ´ rµBx1u|K2 ` pλ` µqp∇ ¨ u|K2qe1s ,
where e1 “ p1, 0, 0qJ. Similarly, for any face F P Γ20 and its corresponding face F 1 P Γ21, the jump
residual is defined as
J
p2q
F u “ rµBx2u|K1 ` pλ` µqp∇ ¨ u|K1qe2s ´ e´iα2Λ2 rµBx2u|K2 ` pλ` µqp∇ ¨ u|K2qe2s ,
J
p2q
F 1 u “ eiα2Λ2 rµBx2u|K1 ` pλ` µqp∇ ¨ u|K1qe2s ´ rµBx2u|K2 ` pλ` µqp∇ ¨ u|K2qe2s ,
where e2 “ p0, 1, 0qJ.
For any tetrahedral element K PMh, denote by ηK the local error estimator as follows:
η2K “ h2K}RKu}2L2pKq ` hK
ÿ
FĂBK
´
}J p1qF u}2L2pF q ` }J p2qF u}2L2pF q
¯
.
For convenience, we introduce a weighted H1pΩq norm
~u~2
H1pΩq “ µ
ż
Ω
|∇u|2dx` pλ` µq
ż
Ω
|∇ ¨ u|2dx` ω2
ż
Ω
|u|2dx. (5.1)
Since µ and λ` µ are positive, it is easy to check that
min
`
µ, ω2
˘ }u}2
H1pΩq ď ~u~2H1pΩq ď max
`
2λ` 3µ, ω2˘ }u}2
H1pΩq @u PH1pΩq,
which implies that the weighted H1pΩq norm (5.1) is equivalent to the standard H1pΩq norm.
The following theorem is the main result of the paper. It presents the a posteriori error estimate
between the solutions of the original scattering problem (3.17) and the truncated finite element
approximation (4.2).
Theorem 5.1. Let u and uhN be the solutions of the variational problems (3.17) and (4.2), respec-
tively. Then for any hˆ such that maxrPR2 fprq ă hˆ ă h and for sufficiently large N , the following a
posteriori error estimate holds:
~u´ uhN~H1pΩq À
˜ ÿ
KPMh
η2K
¸1{2
` max
|n|minąN
´
|n|maxe´|β2n|ph´hˆq
¯
}uinc}H1pΩq, (5.2)
where |n|min “ minp|n1|, |n2|q and |n|max “ maxp|n1|, |n2|q.
The a posteriori error (5.2) contains two parts: the finite element discretization error and the
truncation error of the DtN operator. Since hˆ ă h, the latter is almost exponentially decaying.
Hence the DtN truncated error can be controlled to be small enough so that it does not contaminate
the finite element discretization error.
To prove Theorem 5.1, let us begin with the following trace result in H1qppΩq. The proof can be
found in [24, Lemma 3.3].
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Lemma 5.2. Let a “ minrPR2 fprq. Then for any u PH1qppΩq the following estimate holds:
}u}H1{2pΓhq ď C}u}H1pΩq,
where C “ p1` ph´ aq´1q1{2.
Denote by ξ “ u´uhN the error between the solutions of (3.17) and (4.2), then a simple calculation
yields
~ξ~2
H1pΩq “ µ
ż
Ω
∇ξ : ∇ξ dx` pλ` µq
ż
Ω
p∇ ¨ ξqp∇ ¨ ξqdx` ω2
ż
Ω
ξ ¨ ξ dx
“ <apξ, ξq ` 2ω2
ż
Ω
ξ ¨ ξ dx` <
ż
Γh
Tξ ¨ ξ ds
“ <apξ, ξq ` <
ż
Γh
pT ´ TN q ξ ¨ ξ ds` 2ω2
ż
Ω
ξ ¨ ξ dx` <
ż
Γh
TNξ ¨ ξ ds. (5.3)
Due to the equivalence of the weighted norm ~ ¨ ~H1pΩq to the standard norm } ¨ }H1pΩq, it suffices
to estimate the four terms on the right hand side of (5.3) one by one. The estimates of the first two
terms are given in Lemmas 5.3 and 5.4.
Lemma 5.3. Let u P H1qppΩq be the solution of variational problem (3.17). For any v P H1qppΩq
and a sufficiently large N , the following estimate holds:ˇˇˇˇż
Γh
pT ´ TN qu ¨ v ds
ˇˇˇˇ
À max
|n|minąN
´
|n|maxe´|β2n|ph´hˆq
¯
}uinc}H1pΩq}v}H1pΩq.
Proof. It follows from (3.7) that we have
φnphq “ φnphˆqeiβ1nph´hˆq, ψjnphq “ ψjnphˆqeiβ2nph´hˆq, j “ 1, 2, 3. (5.4)
Substituting (5.4) into (3.8), we obtain the Fourier coefficients of u at x3 “ h in terms of the Fourier
coefficients of φ and ψ at x3 “ hˆ:»——–
u1nphq
u2nphq
u3nphq
0
fiffiffifl “ i
»——–
α1n 0 ´β2n α2n
α2n β2n 0 ´α1n
β1n ´α2n α1n 0
0 α1n α2n β2n
fiffiffifl
»——–
φnphq
ψ1nphq
ψ2nphq
ψ3nphq
fiffiffifl
“ i
»——–
α1n 0 ´β2n α2n
α2n β2n 0 ´α1n
β1n ´α2n α1n 0
0 α1n α2n β2n
fiffiffifldiag
¨˚
˚˝˚
»———–
eiβ1nph´hˆq
eiβ2nph´hˆq
eiβ2nph´hˆq
eiβ2nph´hˆq
fiffiffiffifl‹˛‹‹‚
»———–
φnphˆq
ψ1nphˆq
ψ2nphˆq
ψ3nphˆq
fiffiffiffifl
:“ iAnpφnphˆq, ψ1nphˆq, ψ2nphˆq, ψ3nphˆqqJ. (5.5)
Replacing h by hˆ in (3.9)–(3.12), we may equivalently have the matrix form»———–
φnphˆq
ψ1nphˆq
ψ2nphˆq
ψ3nphˆq
fiffiffiffifl “ ´ iχnBn
»–u1nphˆqu2nphˆq
u3nphˆq
fifl , (5.6)
10 GANG BAO, XUE JIANG, PEIJUN LI, AND XIAOKAI YUAN
where the entries of the 4ˆ 3 matrix Bn are
B
pnq
11 “ α1n, Bpnq12 “ α2n, Bpnq13 “ β2n, Bpnq23 “ ´α2n, Bpnq33 “ α1n, Bpnq43 “ 0,
B
pnq
21 “ ´Bpnq32 “
1
κ22
α1nα2n pβ1n ´ β2nq , Bpnq41 “
1
κ22
α2nχn, B
pnq
42 “ ´
1
κ22
α1nχn,
B
pnq
22 “
1
κ22
`
α21nβ2n ` α22nβ1n ` β1nβ22n
˘
, B
pnq
31 “ ´
1
κ22
`
α21nβ1n ` α22nβ2n ` β1nβ22n
˘
.
Plugging (5.5) into (5.6) yields»–u1nphqu2nphq
u3nphq
fifl “ 1
χn
pAnBnq|3ˆ3
»–u1nphˆqu2nphˆq
u3nphˆq
fifl :“ 1
χn
Pn
»–u1nphˆqu2nphˆq
u3nphˆq
fifl , (5.7)
where pAnBnq|3ˆ3 is the leading principal submatrix of order 3 of the matrix AnBn. A straight
forward computation yields that
P
pnq
11 “ α21neiβ1nph´hˆq `
1
κ22
α22nχne
iβ2nph´hˆq
` 1
κ22
`
α21nβ1n ` α22nβ2n ` β1nβ22n
˘
β2ne
iβ2nph´hˆq,
P
pnq
12 “ α1nα2neiβ1nph´hˆq `
1
κ22
α1nα2n pβ1n ´ β2nqβ2neiβ2nph´hˆq
´ 1
κ22
α1nα2nχne
iβ2nph´hˆq,
P
pnq
13 “ α1nβ2n
`
eiβ1nph´hˆq ´ eiβ2nph´hˆq˘,
P
pnq
21 “ α1nα2neiβ1nph´hˆq `
1
κ22
α1nα2n pβ1n ´ β2nqβ2neiβ2nph´hˆq
´ 1
κ22
α1nα2nχne
iβ2nph´hˆq,
P
pnq
22 “ α22neiβ1nph´hˆq `
1
κ22
α21nχne
iβ2nph´hˆq
` 1
κ22
`
α21nβ2n ` α22nβ1n ` β1nβ22n
˘
β2ne
iβ2nph´hˆq,
P
pnq
23 “ α2nβ2n
`
eiβ1nph´hˆq ´ eiβ2nph´hˆq˘,
P
pnq
31 “ α1nβ1neiβ1nph´hˆq ´
1
κ22
α1nα
2
2n pβ1n ´ β2nq eiβ2nph´hˆq
´ 1
κ22
`
α21nβ1n ` α22nβ2n ` β1nβ22n
˘
α1ne
iβ2nph´hˆq,
P
pnq
32 “ α2nβ1neiβ1nph´hˆq ´
1
κ22
α2nα
2
1n pβ1n ´ β2nq eiβ2nph´hˆq
´ 1
κ22
`
α21nβ2n ` α22nβ1n ` β1nβ22n
˘
α2ne
iβ2nph´hˆq,
P
pnq
33 “ β1nβ2neiβ1nph´hˆq ` pα21n ` α22nqeiβ2nph´hˆq.
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When |αn|2 “ α21n ` α22n ą κ22, it follows from (3.6) that both β1n and β2n are pure imaginary
numbers. We may easily show
κ22
2
ă χn “ |αn|2 ´
`|αn|2 ´ κ21˘1{2 `|αn|2 ´ κ22˘1{2 ă κ21 ` κ22. (5.8)
and
ipβ2n ´ β1nq “
`|αn|2 ´ κ21˘1{2 ´ `|αn|2 ´ κ22˘1{2 ă κ22 ´ κ212p|αn|2 ´ κ22q1{2 . (5.9)
Plugging (3.6) and (5.8)–(5.9) into Pn, we obtain
P
pnq
11 “ α21neiβ1nph´hˆq `
1
κ22
eiβ2nph´hˆq
!
|αn|2β1nβ2n ´ α22np|αn|2 ´ κ22q
´β1nβ2np|αn|2 ´ κ22q ` α22n|αn|2
)
“ α21neiβ1nph´hˆq ` eiβ2nph´hˆqpα22n ` β1nβ2nq
“ α21n
`
eiβ1nph´hˆq ´ eiβ2nph´hˆq˘` eiβ2nph´hˆqχn,
which gives
|P pnq11 | À |n|maxe´|β2n|ph´hˆq.
Similarly, we may show that all the entries of the matrix Pn have the estimates
|P pnqij | À |n|maxe´|β2n|ph´hˆq, i, j “ 1, 2, 3. (5.10)
Substituting (5.8) and (5.10) into (5.7) gives
|unphq|2 À |n|2maxe´2|β2n|ph´hˆq|unphˆq|2. (5.11)
By (3.15), it can be verified from |αn|2 ą κ22 that
|M pnq11 | “
ˇˇ
α21n pβ1n ´ β2nq ` β2nχn
ˇˇ
“
ˇˇˇ
α21ni
`p|αn|2 ´ κ21q1{2 ´ p|αn|2 ´ κ22q1{2˘` β2nχn ˇˇˇ
“
ˇˇˇˇ
|α1n|2 ipκ
2
2 ´ κ21q
p|αn|2 ´ κ21q1{2 ` p|αn|2 ´ κ22q1{2
` β2nχn
ˇˇˇˇ
À |n|max. (5.12)
Following the same argument, we may show that
|M pnqij | À |n|max, i, j “ 1, 2, 3.
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Substituting (5.11)–(5.12) into (3.14), we obtainˇˇˇˇż
Γh
pT ´ TN qu ¨ v ds
ˇˇˇˇ
ď
ˇˇˇˇ
Λ1Λ2
ÿ
|n|minąN
pMnunphqq ¨ vphq
ˇˇˇˇ
À
˜ ÿ
|n|minąN
|n|max |unphq|2
¸1{2˜ ÿ
|n|minąN
|n|max |vnphq|2
¸1{2
À
˜ ÿ
|n|minąN
|n|3maxe´2|β2n|ph´hˆq|unphˆq|2
¸1{2
}v}H1{2pΓhq
À max
|n|minąN
´
|n|maxe´|β2n|ph´hˆq
¯
}u}H1pΩq}v}H1pΩq
À max
|n|minąN
´
|n|maxe´|β2n|ph´hˆq
¯
}uinc}H1pΩq}v}H1pΩq,
which completes the proof. 
Lemma 5.4. Let v be any function in H1S,qppΩq, the following estimate holds:ˇˇˇˇ
apξ,vq `
ż
Γh
pT ´ TN q ξ ¨ v ds
ˇˇˇˇ
À
˜ˆ ÿ
KPMh
η2K
˙1{2
` max
|n|minąN
´
|n|maxe´|β2n|ph´hˆq
¯
}uinc}H1pΩq
¸
}v}H1pΩq.
Since the proof of Lemma 5.4 is essentially the same as that for [29, Lemma 5.4], we omit it for
brevity. The following two lemmas are to estimate the last term in (5.3).
Lemma 5.5. Let Mˆn “ ´12 pMn `Mn˚ q. Then Mˆn is positive definite for |αn| ą κ2.
Proof. A simple calculation shows that Mˆn “ ´Mn for |αn| ą κ2. It suffices to check Sylvester’s
criterion in order to prove that Mˆn is positive definite. First, it is easy to see that
χn “ |αn|2 ` β1nβ2n “ |αn|2 ´
`|αn|2 ´ κ21˘1{2 `|αn|2 ´ κ22˘1{2 ą 0.
Let Mˆ
pnq
11 be the leading principal submatrix of order 1 for Mˆn. A simple calculation yields
Mˆ
pnq
11 “ ´
iµ
χn
“
α21n pβ1n ´ β2nq ` β2nχn
‰
“ ´ iµ
χn
“
α21n pβ1n ´ β2nq ` β2n
`|αn|2 ` β1nβ2n˘‰
“ ´ iµ
χn
“
α21nβ1n ` α22nβ2n ´ β1n
`
α21n ` α22n ´ κ22
˘‰
“ ´ iµ
χn
“pβ2n ´ β1nqα22n ` β1nκ22‰ . (5.13)
By (3.6),
´i pβ2n ´ β1nq “ p|αn|2 ´ κ22q1{2 ´ p|αn|2 ´ κ21q1{2 “ κ
2
1 ´ κ22
p|αn|2 ´ κ22q1{2 ` p|αn|2 ´ κ21q1{2
.
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Substituting the above equation into (5.13), we get
´i “pβ2n ´ β1nqα22n ` β1nκ22‰
“ α
2
2n
`
κ21 ´ κ22
˘
p|αn|2 ´ κ22q1{2 ` p|αn|2 ´ κ21q1{2
` κ
2
2p|αn|2 ´ κ21q1{2
`p|αn|2 ´ κ22q1{2 ` p|αn|2 ´ κ21q1{2˘
p|αn|2 ´ κ22q1{2 ` p|αn|2 ´ κ21q1{2
“ α
2
2npκ21 ´ κ22q ` κ22p|αn|2 ´ κ21q ` κ22p|αn|2 ´ κ22q1{2p|αn|2 ´ κ21q1{2
p|αn|2 ´ κ22q1{2 ` p|αn|2 ´ κ21q1{2
“ α
2
2nκ
2
1 ` α21nκ22 ´ κ21κ22 ` κ22p|αn|2 ´ κ22q1{2p|αn|2 ´ κ21q1{2
p|αn|2 ´ κ22q1{2 ` p|αn|2 ´ κ21q1{2
“ κ
2
1p|αn|2 ´ κ22q ` α21n
`
κ22 ´ κ21
˘` κ22p|αn|2 ´ κ22q1{2p|αn|2 ´ κ21q1{2
p|αn|2 ´ κ22q1{2 ` p|αn|2 ´ κ21q1{2
ą 0,
which shows that Mˆ
pnq
11 is positive.
The determinant of the leading principal submatrix of order 2 for the matrix Mˆn is
ˆ
´ iµ
χn
˙2 ! “
α21n pβ1n ´ β2nq ` β2nχn
‰ “
α22n pβ1n ´ β2nq ` β2nχn
‰´ α21nα22n pβ1n ´ β2nq2 )
“ ´
ˆ
µ
χn
˙2 “|αn|2 pβ1n ´ β2nqβ2nχn ` β22nχ2n‰ .
A simple calculation yields
|αn|2β1nβ2nχn ´ |αn|2β22nχn ` β22nχ2n
“ |αn|2β1nβ2nχn ` β22nχn
`|αn|2 ` β1nβ2n ´ |αn|2˘
“ |αn|2β1nβ2nχn ` β22nχnβ1nβ2n
“ β1nβ2nχn
`|αn|2 ´ |αn|2 ` κ22˘ “ β1nβ2nχnκ22 ă 0.
Hence
´
ˆ
µ
χn
˙2 “|αn|2 pβ1n ´ β2nqβ2nχn ` β22nχ2n‰ ą 0,
which shows that the determinant of the leading principal submatrix of order 2 is also positive.
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It follows from a straightforward calculation that the determinant of matrix Mˆn itself isˆ
´ iµ
χn
˙3 "`
α21nβ
pnq
12 ` β2nχn
˘´`
α22nβ
pnq
12 ` β2nχn
˘
κ22β2n ` α22nβ22npβpnq12 q2
¯
´α1nα2nβpnq12
”
α1nα2nβ
pnq
12 κ
2
2β2n ` α1nα2nβ22npβpnq12 q2
ı
` α1nβ2npβpnq12 q2α1nβ22nχn
*
“
ˆ
´ iµ
χn
˙3 ´
α21nβ
pnq
12 β
2
2nχnκ
2
2 ` β22nχnα22nβpnq12 κ22 ` β32nχ2nκ22 ` β32nχnα22npβpnq12 q2
`α21nβ32npβpnq12 q2χn
¯
“
ˆ
´ iµ
χn
˙3
β22n
´
κ22|αn|2χnβpnq12 ` |αn|2pβpnq12 q2β2nχn ` β2nχ2nκ22
¯
“
ˆ
´ iµ
χn
˙3
β22nχn
´
κ42β1n ` |αn|2β2nβ21n ` |αn|2β32n ´ 2|αn|2β1nβ22n
¯
“
ˆ
´ iµ
χn
˙3
β22nχn
´
κ42β1n ´ κ22|αn|2βpnq12 ` |αn|4βpnq12 ` |αn|2β2nβ21n ´ |αn|2β1nβ22n
¯
“
ˆ
´ iµ
χn
˙3
β22nχn
´
κ22|αn|2β2n ` κ22β1nβ22n ` |αn|2 pβ1n ´ β2nqχn
¯
“
ˆ
´ iµ
χn
˙3
β22nχn
´
κ22β2nχn ` |αn|2 pβ1n ´ β2nqχn
¯
. (5.14)
Recall β2n “ ip|αn|2 ´ κ22q1{2. The first part of (5.14) satisfiesˆ
´ iµ
χn
˙3
β22nχnκ
2
2β2nχn “ ´µ
3
χn
κ22i
`|αn|2 ´ κ22˘i`|αn|2 ´ κ22˘1{2
“ µ
3
χn
κ22
`|αn|2 ´ κ22˘3{2 ą 0.
The second part of (5.14) isˆ
´ iµ
χn
˙3
β22nχn|αn|2 pβ1n ´ β2nqχn
“ µ
3
χn
|αn|2p|αn|2 ´ κ22q
`p|αn|2 ´ κ21q1{2 ´ p|αn|2 ´ κ22q1{2˘.
Since κ1 ă κ2, we have p|αn|2´κ21q1{2´p|αn|2´κ22q1{2 ą 0. The proof is completed after combining
the above estimates. 
Lemma 5.6. Let Ω1 “  x P R3 : px1, x2q P p0,Λ1qˆ p0,Λ2q, hˆ ă x3 ă h(. Then for any δ ą 0, there
exists a positive constant Cpδq independent of N such that
<
ż
Γh
TNξ ¨ ξ ds ď Cpδq}ξ}2L2pΩ1q ` δ}ξ}2H1pΩ1q.
Proof. It follows from the definition of the DtN operator (3.14) that we have
<
ż
Γh
TNξ ¨ ξ ds “ Λ1Λ2<
ÿ
|n1|,|n2|ďN
pMnξnq ¨ ξn
“ ´Λ1Λ2
ÿ
|n1|,|n2|ďN
pMˆnξnq ¨ ξn.
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By Lemma 5.5, Mˆn is positive definite for sufficiently large |n|max. Hence for fixed ω, λ, µ, there
exists a positive integer N˚ such that
<
ż
Γh
TNξ ¨ ξ ds ď ´Λ1Λ2
ÿ
|n|maxďminpN,N˚q
pMˆnξnq ¨ ξn @ |n|max ą N˚.
On the other hand, there exists a constant C depending only on ω, µ, λ such thatˇˇpMˆnξnq ¨ ξn ˇˇ ď C|ξn|2 @ |n|max ď minpN˚, Nq.
For any δ ą 0, it follows from Young’s inequality that
ph´ hˆq |φphq|2 “
ż h
hˆ
|φpx3q|2 dx3 `
ż h
hˆ
ż h
x3
` |φpsq|2 ˘1dsdx3
ď
ż h
hˆ
|φpx3q|2 dx3 `
´h´ hˆ
δ
¯ ż h
hˆ
|φpx3q|2 dx3 ` δph´ hˆq
ż h
hˆ
ˇˇ
φ1px3q
ˇˇ2
dx3,
which gives that
|φphq|2 ď
”
δ´1 ` ph´ hˆq´1
ı ż h
hˆ
|φpx3q|2 dx3 ` δ
ż h
hˆ
ˇˇ
φ1px3q
ˇˇ2
dx3.
Let φpxq “ ř
nPZ2
φnpx3qeiαn¨r. It is easy to get
}∇φ}2
L2pΩ1q “ Λ1Λ2
ÿ
nPZ2
ż h
hˆ
`|φ1npx3q|2 ` |αn|2|φnpx3q|2˘ dx3,
}φ}2L2pΩ1q “ Λ1Λ2
ÿ
nPZ2
ż h
hˆ
|φnpx3q|2dx3.
Hence, we have for any φ PH1pΩ1q that
}φ}2L2pΓhq “ Λ1Λ2
ÿ
nPZ2
|φnphq|2
ď Λ1Λ2
”
δ´1 ` ph´ hˆq´1
ı ÿ
nPZ2
ż h
hˆ
|φnpx3q|2dx3 ` Λ1Λ2δ
ÿ
nPZ2
ż h
hˆ
|φ1npx3q|2dx3
ď Λ1Λ2
„
1
δ
` ph1 ´ h2q´1
 ÿ
nPZ2
ż h
hˆ
|φnpx3q|2dx3
`Λ1Λ2δ
ÿ
nPZ2
ż h
hˆ
“|φ1npx3q|2 ` |αn|2|φnpx3q|2‰ dx3
ď
”
δ´1 ` ph´ hˆq´1
ı
}φ}2L2pΩ1q ` δ}∇φ}2L2pΩ1q
ď Cpδq}φ}2L2pΩ1q ` δ}∇φ}2L2pΩ1q.
Combining the above estimates, we obtain
<
ż
Γh
TNξ ¨ ξds ď C}ξ}2L2pΓhq ď Cpδq}ξ}2L2pΩ1q ` δ}ξ}2H1pΩ1q,
which completes the proof. 
To estimate the third term of (5.3), we introduce the dual problem
apv,pq “
ż
Ω
v ¨ ξ dx @v P H1S,qppΩq. (5.15)
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It is easy to check that p is the weak solution of the boundary value problem$’&’%
µ∆p` pλ` µq∇∇ ¨ p` ω2p “ ´ξ in Ω
p “ 0 onS
Bp “ T ˚p on Γh
(5.16)
where T ˚ is the adjoint operator to T under the scalar product in L2pΓhq. Taking v “ ξ in (5.15),
we have
}ξ}2
L2pΩq “ apξ,pq ´
ż
Γh
pT ´ TN q ξ ¨ p ds`
ż
Γh
pT ´ TN q ξ ¨ p ds. (5.17)
It is clear that the evaluation of p is essential to the error estimate. Lemmas 5.7–5.9 give the
asymptotic analysis of p. First, we introduce the Helmholtz decomposition of ξ in Ω1:
ξ “ ∇ζ `∇ˆZ, ∇ ¨Z “ 0, (5.18)
where Z “ pZ1, Z2, Z3qJ and
ζpxq “
ÿ
nPZ2
ζnpx3qeiαn¨r, Zjpxq “
ÿ
nPZ2
Zjnpx3qeiαn¨r.
Substituting the above Fourier series expansions into (5.18) gives»——–
Z 11npx3q
Z 12npx3q
Z 13npx3q
ζ 1npx3q
fiffiffifl “
»——–
0 0 iα1n ´iα2n
0 0 iα2n iα1n
´iα1n ´iα2n 0 0
iα2n ´iα1n 0 0
fiffiffifl
»——–
Z1npx3q
Z2npx3q
Z3npx3q
ζnpx3q
fiffiffifl`
»——–
ξ2npx3q
´ξ1npx3q
0
ξ3npx3q
fiffiffifl . (5.19)
In addition, the homogeneous Dirichlet boundary condition is imposed for the Fourier coefficients
at x3 “ h:
Z1nphq “ Z2nphq “ Z3nphq “ ζnphq “ 0. (5.20)
Lemma 5.7. The solutions of the problem (5.19)–(5.20) in rhˆ, hs satisfy the following estimates:
|ζnpx3q| À }ξn}L8prhˆ,hsq
1
|αn|e
|αn|ph´x3q,
|Zjnpx3q| À }ξn}L8prhˆ,hsq
1
|αn|e
|αn|ph´x3q, j “ 1, 2, 3.
Proof. Denote the coefficient matrix of system (5.19) by An, which is the matrix An defined in (5.5).
A straightforward calculation shows that the coefficient matrix An has the following diagonalization:
An “ Vn
»——–
|αn| 0 0 0
0 |αn| 0 0
0 0 ´|αn| 0
0 0 0 ´|αn|
fiffiffiflVn˚ ,
where
Vn “ 1?
2|αn|
»——–
|αn| 0 |αn| 0
0 |αn| 0 |αn|
´iα1n ´iα2n iα1n iα2n
iα2n ´iα1n ´iα2n iα1n
fiffiffifl .
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Hence the fundamental solution of (5.19) is
Φnpx3q “ e
şx3
hˆ
Anpτq dτ
“ Vn
»————–
e|αn|px3´hˆq 0 0 0
0 e|αn|px3´hˆq 0 0
0 0 e´|αn|px3´hˆq 0
0 0 0 e´|αn|px3´hˆq
fiffiffiffiffiflVn˚
“ 1
2|αn| pD1n `D2nq ,
where
D1n “
»————–
|αn|e|αn|px3´hˆq 0 iα1ne|αn|px3´h2q ´iα2ne|αn|px3´hˆq
0 |αn|e|αn|px3´h2q iα2ne|αn|px3´hˆq iα1ne|αn|px3´hˆq
´iα1ne|αn|px3´hˆq ´iα2ne|αn|px3´hˆq |αn|e|αn|px3´hˆq 0
iα2ne
|αn|px3´hˆq ´iα1ne|αn|px3´hˆq 0 |αn|e|αn|px3´hˆq
fiffiffiffiffifl
and
D2n “
»————–
|αn|e´|αn|px3´hˆq 0 ´iα1ne´|αn|px3´hˆq iα2ne´|αn|px3´hˆq
0 |αn|e´|αn|px3´hˆq ´iα2ne´|αn|px3´hˆq ´iα1ne´|αn|px3´hˆq
iα1ne
´|αn|px3´hˆq iα2ne´|αn|px3´hˆq |αn|e´|αn|px3´hˆq 0
´iα2ne´|αn|px3´hˆq iα1ne´|αn|px3´hˆq 0 |αn|e´|αn|px3´hˆq
fiffiffiffiffifl .
The inverse of the fundamental matrix is
Φ´1n px3q “ 12|αn| pDˆ1n ` Dˆ2nq,
where
Dˆ1n “
»————–
|αn|e´|αn|px3´hˆq 0 iα1ne´|αn|px3´hˆq ´iα2ne´|αn|px3´hˆq
0 |αn|e´|αn|px3´hˆq iα2ne´|αn|px3´hˆq iα1ne´|αn|px3´hˆq
´iα1ne´|αn|px3´hˆq ´iα2ne´|αn|px3´hˆq |αn|e´|αn|px3´hˆq 0
iα2ne
´|αn|px3´hˆq ´iα1ne´|αn|px3´hˆq 0 |αn|e´|αn|px3´hˆq
fiffiffiffiffifl
and
Dˆ2n “
»————–
|αn|e|αn|px3´hˆq 0 ´iα1ne|αn|px3´hˆq iα2ne|αn|px3´hˆq
0 |αn|e|αn|px3´hˆq ´iα2ne|αn|px3´hˆq ´iα1ne|αn|px3´hˆq
iα1ne
|αn|px3´hˆq iα2ne|αn|px3´hˆq |αn|e|αn|px3´hˆq 0
´iα2ne|αn|px3´hˆq iα1ne|αn|px3´hˆq 0 |αn|e|αn|px3´hˆq
fiffiffiffiffifl .
By the method of the variation of parameters, the solution of (5.19) is
pZ1npx3q, Z2npx3q, Z3npx3q, ζnpx3qqJ “ Φnpx3qCnpx3q. (5.21)
It can be easily verified that the vector of unknowns Cn “ pC1n, C2n, C3n, C4nqJ satisfies
C 1npx3q “ Φ´1n px3qpξ2npx3q,´ξ1npx3q, 0, ξ3npx3qqJ,
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which has the solution
C1npx3q “ ´1
2
ż h
x3
ξ2nptqanptqdt´ i
2
α2n
|αn|
ż h
x3
ξ3nptqbnptq dt,
C2npx3q “ 1
2
ż h
x3
ξ1nptqanptq dt` i
2
α1n
|αn|
ż h
x3
ξ3nptqbnptqdt,
C3npx3q “ i
2
α2n
|αn|
ż h
x3
ξ1nptqbnptqdt´ i
2
α1n
|αn|
ż h
x3
ξ2nptqbnptq dt,
C4npx3q “ i
2
α2n
|αn|
ż h
x3
ξ2nptqbnptqdt` i
2
α1n
|αn|
ż h
x3
ξ1nptqbnptq dt´ 1
2
ż h
x3
ξ3nptqanptq dt.
Here
anpx3q “ e|αn|px3´hˆq ` e´|αn|px3´hˆq, bnpx3q “ e|αn|px3´hˆq ´ e´|αn|px3´hˆq.
Substituting the expressions of Cn into (5.21), we obtain
Z1npx3q “ ´1
2
e|αn|x3
ż h
x3
e´|αn|tξ2nptq dt´ 1
2
e´|αn|x3
ż h
x3
e|αn|tξ2nptq dt
` i
2
α2n
|αn|e
|αn|x3
ż h
x3
e´|αn|tξ3nptq dt´ i
2
α2n
|αn|e
´|αn|x3
ż h
x3
e|αn|tξ3nptqdt, (5.22)
Z2npx3q “ 1
2
e|αn|x3
ż h
x3
e´|αn|tξ1nptq dt` 1
2
e´|αn|x3
ż h
x3
e|αn|tξ1nptqdt
´ i
2
α1n
|αn|e
|αn|x3
ż h
x3
e´|αn|tξ3nptq dt` i
2
α1n
|αn|e
´|αn|x3
ż h
x3
e|αn|tξ3nptqdt, (5.23)
Z3npx3q “ i
2
α1n
|αn|e
|αn|x3
ż h
x3
e´|αn|tξ2nptqdt´ i
2
α1n
|αn|e
´|αn|x3
ż h
x3
e|αn|tξ2nptqdt
´ i
2
α2n
|αn|e
|αn|x3
ż h
x3
e´|αn|tξ1nptq dt` i
2
α2n
|αn|e
´|αn|x3
ż h
x3
e|αn|tξ1nptqdt (5.24)
and
ζnpx3q “ ´1
2
e|αn|x3
ż h
x3
e´|αn|tξ3nptq dt´ 1
2
e´|αn|x3
ż h
x3
e|αn|tξ3nptqdt
´ i
2
α2n
|αn|e
|αn|x3
ż h
x3
e´|αn|tξ2nptqdt` i
2
α2n
|αn|e
´|αn|x3
ż h
x3
e|αn|tξ2nptqdt
´ i
2
α1n
|αn|e
|αn|x3
ż h
x3
e´|αn|tξ1nptqdt` i
2
α1n
|αn|e
´|αn|x3
ż h
x3
e|αn|tξ1nptqdt. (5.25)
It is easy to check from (5.22)–(5.25) that
|ζnpx3q| À }ξn}L8prhˆ,hsq
1
|αn|e
|αn|ph´x3q,
|Zjnpx3q| À }ξn}L8prhˆ,hsq
1
|αn|e
|αn|ph´x3q, j “ 1, 2, 3,
which complete the proof. 
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Consider the following boundary value problem for p in Ω1:$’&’%
µ∆p` pλ` µq∇∇ ¨ p` ω2p “ ´ξ in Ω1,
p “ p on Γhˆ,
Bp “ T ˚p on Γh.
(5.26)
Lemma 5.8. Let q “ pq1, q2, q3qJ and g have the Fourier series expansions
qjpxq “
ÿ
nPZ2
qjnpx3qeiαn¨r, gpxq “
ÿ
nPZ2
gnpx3qeiαn¨r, x P Ω1
and satisfy $’&’%
pλ` 2µq `∆g ` κ21g˘ “ ´ζ in Ω1,
µ
`∇ˆ p∇ˆ qq ´ κ22q˘ “ Z, ∇ ¨ q “ 0 in Ω1,
q “ q, g “ g on Γhˆ.
(5.27)
Moreover, the Fourier coefficients are assumed to satisfy the following boundary conditions on Γh:
g1nphq “ ´iβ1ngnphq (5.28)
and
q11nphq “ ´iβ2nq1nphq, q12nphq “ ´iβ2nq2nphq, q13nphq “ iα1nq1nphq ` iα2nq2nphq. (5.29)
Then p has the Helmholtz decomposition p “ ∇g `∇ˆ q and satisfies the boundary value problem
(5.26).
Proof. Substituting p “ ∇g `∇ˆ q into the elastic wave equation, we obtain
µ∆ p∇g `∇ˆ qq ` pλ` µq∇∇ ¨ p∇g `∇ˆ qq ` ω2 p∇g `∇ˆ qq
“ ∇ `µ∆g ` pλ` µq∆g ` ω2g˘`∇ˆ `µ∆q ` ω2q˘
“ pλ` 2µq∇ `∆g ` κ21g˘` µ∇ˆ `´∇ˆ p∇ˆ qq ` κ22q˘
“ ´∇ζ ´∇ˆZ “ ´ξ.
Since gpxq “ ř
nPZ2
gnpx3qeiαn¨r, we get from taking the second order partial derivatives of g that
B2x1gpxq “ ´
ÿ
nPZ
α21ngnpx3qeiαn¨r,
B2x2gpxq “ ´
ÿ
nPZ
α22ngnpx3qeiαn¨r,
B2x3gpxq “
ÿ
nPZ
g2npx3qeiαn¨r.
Substituting the above three expansions into pλ` 2µq `∆g ` κ21g˘ “ ´ζ yields
g2npx3q ´ |αn|2gnpx3q ` κ21gnpx3q “ ´ 1λ` 2µζnpx3q. (5.30)
Similarly, we may verify that qjn satisfies the second ordinary differential equation
q2jnpx3q ´ |αn|2qjnpx3q ` κ22qjnpx3q “ ´ 1µZjnpx3q. (5.31)
Letting p “ ř
nPZ2
pnpx3qeiαn¨r and plugging it into p “ ∇g `∇ˆ q, we get»–p1npx3qp2npx3q
p3npx3q
fifl “
»–iα1ngpnqpx3q ` iα2nq3npx3q ´ q12npx3qiα2ngnpx3q ´ iα1nq3npx3q ` q11npx3q
iα1nq2npx3q ´ iα2nq1npx3q ` g1npx3q
fifl . (5.32)
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Substituting the above expressions into the boundary operator (3.13) gives
µBx3p` pλ` µqp0, 0, 1qJ∇ ¨ p
“
ÿ
nPZ2
eiαn¨r
»– µp11nµp12n
µp13n ` pλ` µqiα1np1n ` pλ` µqiα2np2n ` pλ` µqp13n
fifl
“
ÿ
nPZ2
eiαn¨r
»– µ piα1ng1n ` iα2nq13n ´ q22nqµ piα2ng1n ´ iα1nq13n ` q21nqpλ` 2µq piα1nq12n ´ iα2nq11n ` g2nq ` pλ` µq piα1np1n ` iα2np2nq
fifl
“
ÿ
nPZ2
eiαn¨r
»– iµα1ng1n ` iµα2nq13n ` Z2n ` µ `κ22 ´ |αn|2˘ q2niµα2ng1n ´ iµα1nq13n ´ Z1n ´ µ `κ22 ´ |αn|2˘ q1n´ζn ´ pλ` 2µq `κ21 ´ |αn|2˘ gn ` iµα1nq12n ´ iµα2nq11n ´ pλ` µq|αn|2gn
fifl .
Substituting (5.20) and (5.28)–(5.29) into the above equation and evaluating it at x3 “ h, we get
Dp “ µBx3p` pλ` µqp0, 0, 1qJ∇ ¨ p
“
ÿ
nPZ2
eiαn¨r
»– ´µα1nα2n µ `β22n ´ α22n˘ µα1nβ1n´µ `β22n ´ α22n˘ µα1nα2n µα2nβ1n
´µα2nβ2n µα1nβ2n ´µκ22 ` µ|αn|2
fifl»–q1nphqq2nphq
gnphq
fifl .
On the other hand, substituting (5.32) into (3.15) gives
T ˚p “
ÿ
nPZ2
Mn˚pnphqeiαn¨r
“
ÿ
nPZ2
Mn˚
»– 0 iβ2n iα2n iα1n´iβ2n 0 ´iα1n iα2n
´iα2n iα1n 0 ´iβ1n
fifl
»——–
q1nphq
q2nphq
q3nphq
gnphq
fiffiffifl “ ÿ
nPZ2
Kn
»——–
q1nphq
q2nphq
q3nphq
gnphq
fiffiffifl ,
where
Kn “ ´iµ
»—– 0 iβ22n iβ2nα2n iβ1nα1n´iβ22n 0 ´iβ2nα1n iβ1nα2n
´iβ2nα2n iβ2nα1n 0 ´iβ22n
fiffifl . (5.33)
It follows from ∇ ¨ q “ 0 that
q13npx3q “ iα1nq1npx3q ` iα2nq2npx3q.
Taking the derivative of the above equation and combining the result with (5.31), we get
iα1nq
1
1npx3q ` iα2nq12npx3q “ ´ 1µZ3npx3q ´
`
κ22 ´ |αn|2
˘
q3npx3q. (5.34)
Evaluating q3npx3q at x3 “ h, we have from (5.28)–(5.29) that
´ `κ22 ´ |αn|2˘ q3nphq “ iα1np´iβ2nqq1nphq ` iα2np´iβ2nqq2nphq,
which gives
q3nphq “ ´α1nβ2n
β22n
q1nphq ´ α2nβ2n
β22n
q2nphq. (5.35)
Substituting (5.35) into (5.33), we obtain
Dp “ T ˚p on Γh,
which completes the proof. 
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Consider the general two-point boundary value problem for the second order ordinary differential
equation #
u2pyq ´ |β|2upyq “ ´cξ, y P phˆ, hq,
uphˆq “ uphˆq, u1phq “ ´|β|uphq,
which has a unique solution given by
upyq “ 1
2 |β|
„
´ c
ż y
h
e|β|py´sqξpsq ds` c
ż y
hˆ
e|β|ps´yqξpsq ds
´c
ż h
hˆ
e|β|p2hˆ´y´sqξpsqds` 2|β|e|β|phˆ´yquphˆq

.
Lemma 5.9. Let p “ pp1, p2, p3qJ be the solution of (5.26). Then for sufficiently large |n|max, the
following estimate holds:
|pjnphq| À |n|maxe|β2n|phˆ´hq
ÿ
j“1,2,3
|pjnphˆq| ` 1|n|max
ÿ
j“1,2,3
}ξjn}L8prhˆ,hsq,
where pjn are the Fourier coefficients of pj , j “ 1, 2, 3.
Proof. Let c1 “ 1{ pλ` 2µq and c2 “ 1{µ. We solve the two-point boundary value problems of
(5.30)–(5.31) and get the solutions
gnpx3q “ 1
2|β1n|
„
´ c1
ż x3
h
e|β1n|px3´sqζnpsqds` c1
ż x3
hˆ
e|β1n|ps´x3qζnpsq ds
´c1
ż h
hˆ
e|β1n|p2hˆ´x3´sqζnpsq ds` 2|β1n|e|β1n|phˆ´x3qgnphˆq

, (5.36)
q1npx3q “ 1
2|β2n|
„
´ c2
ż x3
h
e|β2n|px3´sqZ1npsq ds` c2
ż x3
hˆ
e|β2n|ps´x3qZ1npsq ds
´c2
ż h
hˆ
e|β2n|p2hˆ´x3´sqZ1npsq ds` 2|β2n|e|β2n|phˆ´x3qq1nphˆq

, (5.37)
q2npx3q “ 1
2|β2n|
„
´ c2
ż x3
h
e|β2n|px3´sqZ2npsq ds` c2
ż x3
hˆ
e|β2n|ps´x3qZ2npsq ds
´c2
ż h
hˆ
e|β2n|p2hˆ´x3´sqZ2npsq ds` 2|β2n|e|β2n|phˆ´x3qq2nphˆq

. (5.38)
Taking the derivatives of (5.36)–(5.38) and then evaluating at x3 “ hˆ gives
q11nphˆq “ c2
ż h
hˆ
e|β2n|phˆ´sqZ1npsq ds´ |β2n|q1nphˆq, (5.39)
q12nphˆq “ c2
ż h
hˆ
e|β2n|phˆ´sqZ2npsqds´ |β2n|q2nphˆq, (5.40)
g1nphˆq “ c1
ż h
hˆ
e|β1n|phˆ´sqζnpsq ds´ |β1n|gnphˆq. (5.41)
Evaluating (5.34) at x3 “ hˆ and then using (5.39)–(5.40), we get
q3nphˆq “ ´ iα1n|β2n|q1nphˆq ´
iα2n
|β2n|q2nphˆ2q `
1
|β2n|2
1
µ
Z3nphˆq
` iα1n|β2n|2 c2
ż h
hˆ
e|β2n|phˆ´sqZ1npsq ds` iα2n|β2n|2 c2
ż h
hˆ
e|β2n|phˆ´sqZ2npsqds (5.42)
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Plugging (5.28)–(5.29) and (5.34) into (5.32) yields
pp1nphq, p2nphq, p3nphqqJ “ 1|β2n|Knpq1nphˆq, q2nphˆq, gnphˆqq
J, (5.43)
where
Kn “
»– α1nα2n |β2n|2 ` α22n iα1n|β2n|´|β2n|2 ´ α21n ´α1nα2n iα2n|β2n|´iα2n|β2n| iα1n|β2n| ´|β1n||β2n|
fifl .
It follows from a straightforward calculation that the inverse of Kn is
K´1n “ 1|β2n|2χn p|β2n|2 ` |αn|2qKˆn, (5.44)
where the entries of the matrix Kˆn are
Kˆ
pnq
11 “ α1nα2n|β2n| p|β1n| ` |β2n|q , Kˆpnq13 “ iα2n|β2n|
`|β2n|2 ` |αn|2˘ ,
Kˆ
pnq
12 “ ´α21n|β2n|2 ` |β1n||β2n|3 ` α22n|β1n||β2n|,
Kˆ
pnq
21 “ α22n|β2n|2 ´ |β1n||β2n|3 ´ α21n|β1n||β2n|,
Kˆ
pnq
22 “ ´α1nα2n|β2n| p|β1n| ` |β2n|q , Kˆpnq23 “ ´iα1n|β2n|
`|β2n|2 ` |αn|2˘ ,
Kˆ
pnq
31 “ ´iα1n|β2n|
`|β2n|2 ` |αn|2˘ , Kˆpnq32 “ ´iα2n|β2n| `|β2n|2 ` |αn|2˘ ,
Kˆ
pnq
33 “ |β2n|2
`|β2n|2 ` |αn|2˘ .
Evaluating (5.36)–(5.38) at x3 “ h, we get»–q1nphqq2nphq
gnphq
fifl “
»—–e|β2n|phˆ´hq 0 00 e|β2n|phˆ´hq 0
0 0 e|β1n|phˆ´hq
fiffifl
»–q1nphˆqq2nphˆq
gnphˆq
fifl`
»–wˆ1nwˆ2n
wˆ3n
fifl , (5.45)
where
wˆ1n “ c2
2|β2n|
„ż h
hˆ
e|β2n|ps´hqZ1npsq ds´
ż h
hˆ
e|β2n|p2hˆ´h´sqZ1npsqds

,
wˆ2n “ c2
2|β2n|
„ż h
hˆ
e|β2n|ps´hqZ2npsq ds´
ż h
hˆ
e|β2n|p2hˆ´h´sqZ2npsqds

,
wˆ3n “ c1
2|β1n|
„ż h
hˆ
e|β1n|ps´hqζnpsqds´
ż h
hˆ
e|β1n|p2hˆ´h´sqζnpsqds

.
Similarly, we evaluate (5.32) at x3 “ hˆ and get»–p1nphˆqp2nphˆq
p3nphˆq
fifl “ 1|β2n|Kn
»–q1nphˆqq2nphˆq
gnphˆq
fifl`
»–w1nw2n
w3n
fifl , (5.46)
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where
w1n “ ´ 1|β2n|2
ˆ
c2α1nα2n
ż h
hˆ
e|β2n|phˆ´sqZ1npsq ds´ iα2n 1
µ
Z3nphˆq
`c2
`|β2n|2 ` α22n˘ ż h
hˆ
e|β2n|phˆ´sqZ2npsqds
˙
,
w2n “ 1|β2n|2
ˆ
c2α1nα2n
ż h
hˆ
e|β2n|phˆ´sqZ2npsqds´ iα1n 1
µ
Z3nphˆq
`c2
`|β2n|2 ` α21n˘ ż h
hˆ
e|β2n|phˆ´sqZ1npsqds
˙
,
w3n “ c1
ż h
hˆ
e|β1n|phˆ´sqζnpsq ds.
It follows from (5.44) that we have»–q1nphˆqq2nphˆq
gnphˆq
fifl “ |β2n|K´1n
»–p1nphˆqp2nphˆq
p3nphˆq
fifl´ |β2n|K´1n
»–w1nw2n
w3n
fifl . (5.47)
Substituting (5.45) into (5.43) leads to»–p1nphqp2nphq
p3nphq
fifl “ 1|β2n|Kn
»–q1nphqq2nphq
gnphq
fifl
“ 1|β2n|Kn
»—–e|β2n|phˆ´hq 0 00 e|β2n|phˆ´hq 0
0 0 e|β1n|phˆ´hq
fiffifl
»–q1nphˆqq2nphˆq
gnphˆq
fifl` 1|β2n|Kn
»–wˆ1nwˆ2n
wˆ3n
fifl .
Plugging (5.47) into the above equation gives»–p1nphqp2nphq
p3nphq
fifl “ Pn
»–p1nphˆqp2nphˆq
p3nphˆq
fifl´ Pn
»–w1nw2n
w3n
fifl` 1|β2n|Kn
»–wˆ1nwˆ2n
wˆ3n
fifl , (5.48)
where the matrix Pn is given in (5.7).
Following the same proof as that for [29, Lemma 5.8], we may show that
|wˆjn| À 1|n|2max
ÿ
j“1,2,3
}ξjn}L8prhˆ,hsq, |wjn| À
1
|n|2max
ÿ
j“1,2,3
}ξjn}L8prhˆ,hsq. (5.49)
By (5.10) and (5.49), we haveˇˇˇˇ ÿ
j“1,2,3
P
pnq
ij wjn
ˇˇˇˇ
À 1|n|max e
p|αn|´|β2n|qph´hˆq ÿ
j“1,2,3
}ξjn}L8prhˆ,hsq. (5.50)
For sufficiently large |n|max, it is easy to get
|αn| ´ |β2n| “ |αn| ´ p|αn|2 ´ κ22q1{2 “ κ
2
2
|αn| ` p|αn|2 ´ κ22q1{2
„ 1|n|max .
Plugging the above estimate into (5.50) givesˇˇˇˇ ÿ
j“1,2,3
P
pnq
ij wjn
ˇˇˇˇ
À 1|n|max
ÿ
j“1,2,3
}ξjn}L8prhˆ,hsq. (5.51)
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It is also easy to check ˇˇˇˇ
1
|β2n|Kn
ˇˇˇˇ
„ Op|n|maxq.
By (5.49), we have
1
|β2n|
ˇˇˇˇ ÿ
j“1,2,3
K
pnq
ij wˆjn
ˇˇˇˇ
À 1|n|max
ÿ
j“1,2,3
}ξjn}L8prhˆ,hsq, (5.52)
which completes the proof after substituting (5.10) and (5.51)–(5.52) into (5.48). 
Using Lemma 5.9 and the same arguments as those in [29], we may show thatˇˇˇˇ ż
Γh
pT ´ TN qξ ¨ p ds
ˇˇˇˇ
À 1
N
}ξ}2
H1pΩq. (5.53)
The details are omitted for brevity.
Now we are ready to show the proof of Theorem 5.1.
Proof. By (5.3), Lemmas 5.4 and 5.6, we obtain
~ξ~2
H1pΩq ď C1
«ˆ ÿ
KPMh
η2K
˙1{2
` max
|n|minąN
´
|n|maxe´|β2n|ph´hˆq
¯
}uinc}H1pΩq
ff
}ξ}H1pΩq
`pC2 ` Cpδqq }ξ}2L2pΩq ` δ}ξ}2H1pΩq,
where C1, C2, Cpδq are positive constants. Choosing a small enough δ such that δ{minpµ, ω2q ă 1{2
gives
~ξ~2
H1pΩq ď 2C1
«ˆ ÿ
KPMh
η2K
˙1{2
` max
|n|minąN
´
|n|maxe´|β2n|ph´hˆq
¯
}uinc}H1pΩq
ff
}ξ}H1pΩq
`2pC2 ` Cpδqq}ξ}2L2pΩq. (5.54)
Substituting (5.53) into (5.17) and using Lemma 5.4, we have
}ξ}2
L2pΩq À
«ˆ ÿ
KPMh
η2K
˙1{2
` max
|n|minąN
´
|n|maxe´|β2n|ph´hˆq
¯
}uinc}H1pΩq
ff
}ξ}H1pΩq
` 1
N
}ξ}2
H1pΩq. (5.55)
The proof is completed after substituting (5.55) into (5.54) and taking N be a sufficiently large
number. 
6. Numerical experiments
In this section, we introduce the algorithmic implementation of the adaptive finite element DtN
method and present two numerical examples to demonstrate the effectiveness of the proposed
method.
6.1. Adaptive algorithm. It is shown in Theorem 5.1 that the a posteriori error consists of two
parts: the finite element discretization error h and the DtN operator truncation error N , where
h “
˜ ÿ
KPMh
η2K
¸1{2
, N “ max|n|minąN
´
|n|maxe´|β2n|ph´hˆq
¯
}uinc}H1pΩq. (6.1)
In the implementation, we choose the parameters h, hˆ and N based on (6.1) to make sure that the
DtN operator truncation error is smaller than the finite element discretization error. In the following
ELASTIC WAVE SCATTERING BY BIPERIODIC STRUCTURES 25
Table 1. The adaptive finite element DtN method.
(1) Given the tolerance  ą 0 and the parameter τ P p0, 1q.
(2) Fix the computational domain Ω by choosing h.
(3) Choose hˆ and N such that N ď 10´8.
(4) Construct an initial triangulation Mh over Ω and compute error estimators.
(5) While h ą  do
(6) refine mesh Mh according to the following strategy:
if ηKˆ ą τ maxKPMh ηK , refine the element Kˆ PMh,
(7) denote refined mesh still by Mh, solve the discrete problem (4.2) on the new mesh Mh,
(8) compute the corresponding error estimators.
(9) End while.
numerical experiments, hˆ is chosen such that hˆ “ maxrPR2 fprq and N is the smallest positive integer
that makes N ď 10´8. The adaptive finite element DtN algorithm is shown in Table 1.
6.2. Numerical examples. In this section, we present two examples (cf. [24]) to demonstrate the
numerical performance of the DtN method. The first-order linear element is used for solving the
problem. Our implementation is based on parallel hierarchical grid (PHG) [32], which is a toolbox for
developing parallel adaptive finite element programs on unstructured tetrahedral meshes. The linear
system resulted from the finite element discretization is solved by the Supernodal LU (SuperLU)
direct solver, which is a general purpose library for the direct solution of large, sparse, nonsymmetric
systems of linear equations.
Example 1. Consider a simple biperiodic structure, a plane surface, where the exact solution
is available. We assume that a plane compressional plane wave uinc “ qeipα¨r´βx3q is incident
on the plane surface x3 “ 0, where α “ pα1, α2qJ, α1 “ κ1 sin θ1 cos θ2, α2 “ κ1 sin θ1 sin θ2, β “
κ1 cos θ1, q “ pq1, q2, q3qJ, q1 “ sin θ1 cos θ2, q2 “ sin θ1 sin θ2, q3 “ ´ cos θ1, θ1 P r0, pi{2q, θ2 P r0, 2pis
are incident angles. It follows from the elastic wave equation and the Helmholtz decomposition that
we may obtain the exact solution for the scattered field
upxq “ i
»–α1α2
β
fifl aeipα¨r`βx3q ` i
»–α2b3 ´ β20b2β20b1 ´ α1b3
α1b2 ´ α2b1
fifl eipα¨r`β20x3q,
where pa, b1, b2, b3qJ is the solution of the following linear system:
i
»——–
α1 0 ´β20 α2
α2 β20 0 ´α1
β ´α2 α1 0
0 α1 α2 β20
fiffiffifl
»——–
a
b1
b2
b3
fiffiffifl “ ´
»——–
q1
q2
q3
0
fiffiffifl .
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Figure 2. Example 1. The mesh and surface plots of the amplitude of the associated
solution for the scattered field uh. (left) The amplitude of the real part of the solution
|<uh|; (right) The amplitude of the imaginary part of the solution |=uh|.
Solving the above equations via Cramer’s rule gives
a “ i
χ
`
α1q1 ` α2q2 ` β20q3
˘
,
b1 “ i
χ
`
α1α2pβ ´ β20qq1{κ22 ` pα21β20 ` α22β ` ββ220qq2{κ22 ´ α2q3
˘
,
b2 “ i
χ
`´ pα21β ` α22β20 ` ββ220qq1{κ22 ´ α1α2pβ ´ β20qq2{κ22 ` α1q3˘,
b3 “ i
κ22
`
α2q1 ´ α1q2
˘
,
where
χ “ |α|2 ` ββ20.
In our experiments, the parameters are chosen as λ “ 1, µ “ 1, θ1 “ θ2 “ pi{6, ω “ 2pi. The
computational domain Ω “ p0, 1q ˆ p0, 1q ˆ p0, 0.3q. The mesh and surface plots of the amplitude
of the scattered field vh are shown in Figure 2. The mesh has 228400 tetrahedrons and the total
number of degrees of freedom (DoFs) on the mesh is 253200. The grating efficiencies are displayed
in Figure 3, which verifies the conservation of the energy in [24, Theorem 2.1]. Figure 4 shows the
curves of log }∇pu´ukq}0,Ω versus logNk for both the a priori and the a posteriori error estimates,
where Nk is the total number of DoFs of the mesh. It indicates that the meshes and the associated
numerical complexity are quasi-optimal, i.e., log }∇pu´ukq}0,Ω “ OpN´1{3k q is valid asymptotically.
Example 2. This example concerns the scattering of a time-harmonic compressional plane wave
uinc on a flat grating surface with two square bumps, as seen in Figure 5. The parameters are chosen
as λ “ 1, µ “ 1, θ1 “ θ2 “ pi{6, ω “ 2pi. The computational domain is Ω “ p0, 1q ˆ p0, 1q ˆ p0, 0.6q.
Since there is no exact solution for this example, we plot in Figure 6 the curves of log }∇pu´ukq}0,Ω
versus logNk for the a posteriori error estimates, where Nk is the total number of DoFs of the mesh.
Again, the result shows that the meshes and the associated numerical complexity are quasi-optimal
for the proposed method. We also plot the grating efficiencies against the DoFs in Figure 7 to verify
the conservation of the energy. Figures 8 and 9 show the meshes and the amplitude of the associated
solution for the scattered field uh when the mesh has 346734 tetrahedrons.
7. conclusion
In this paper, we have presented an adaptive finite element DtN method for the elastic scattering
problem in bi-periodic structures. Based on the Helmholtz decomposition, a new duality argument
is developed to obtain the a posteriori error estimate. It takes account of both the finite element
discretization error and the DtN operator truncation error, which is shown to decay exponentially
with respect to the truncation parameter. Numerical results show that the proposed method is
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Figure 3. Example 1. (left) Grating efficiencies; (right) Error of the grating efficiency.
Figure 4. Example 1. (left) Quasi-optimality of the a priori error estimates; (right)
Quasi-optimality of the a posteriori error estimates.
Figure 5. Example 2. Problem geometry of the domain.
effective and accurate. This work provides a viable alternative to the adaptive finite element PML
method for solving the elastic surface scattering problem. It also enriches the range of choices
available for solving elastic wave propagation problems imposed in unbounded domains. Along the
line of this work, a possible continuation is to extend our analysis to the adaptive finite element DtN
method for solving the three-dimensional obstacle scattering problem and acoustic-elastic interactive
problem. The progress will be reported elsewhere on these problems in the future.
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Figure 6. Example 2: Quasi-optimality of the a posteriori error estimates.
Figure 7. Example 2: Grating efficiencies; (right) Error of the grating efficiency.
Figure 8. Example 2. The mesh and surface plots of the amplitude of the associated
solution for the scattered field uh: (left) the amplitude of the real part of the solution
|<uh|; (right) the amplitude of the imaginary part of the solution |=uh|.
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